A self-contained method of obtaining effective theories resulting from the spontaneous breakdown of conformal invariance is developed. It allows to demonstrate that the Nambu-Goldstone fields for special conformal transformations always represent non-dynamical degrees of freedom. The standard approach to the same question, which includes the imposition of the inverse Higgs constraints, is shown to follow from the developed technique. This provides an alternative view on the nature of the inverse Higgs constraints for the conformal group.
I. INTRODUCTION
It is known that in the case of a spontaneous breakdown of spacetime symmetries some of the NambuGoldstone fields (NGF) can be unphysical [1] [2] [3] . The standard way of excluding them from an effective theory includes the imposition of the inverse Higgs constraints (IHC) [4] , which allow to express unphysical fields in terms of the physical ones. In particular, in the construction of effective Lagrangians resulting from the spontaneous breakdown of conformal invariance this mechanism is employed to exclude the unphysical NGF for special conformal transformations (SCT) in favour of the dilaton field [5, 6] .
However, the mathematical status of the standard approach remains of a proposal. Namely, it is a mathematically consistent way of realizing a given spontaneous symmetry breaking pattern by a smaller number of NGF than there are broken generators. Moreover, it is very well tested in various examples [2, 7] . Nonetheless, the possibility to impose IHC neither follows from the logic of the coset space technique by itself, nor there exist a criterion telling when one should impose them. Thus, the standard technique can be considered as a successful ad hoc prescription, which leaves the question of whether to impose IHC or not to physical grounds.
The aim of this paper is to provide a complete and mathematically strict method of applying the coset space technique to a spontaneously broken conformal group. This is done by extending the area of the applicability of the technique developed in [8] , which covers the construction of conformally-invariant Lagrangians in the unbroken phase and is mathematically self-contained, to a spontaneously broken phase (throughout the paper, this technique will be referred to as the two-orbit approach). Furthermore, it is shown that the standard technique and the new one are equivalent in the sense that any * ivan.kharuk@phystech.edu
Lagrangian obtained in one of the approaches can be obtained in the other one as well. This equivalence constitutes the strict mathematical justification of the IHC method. In particular, from the analysis it follows that the NGF for SCT are always non-dynamical, and, hence, one must always impose IHC in the standard approach of constructing conformally-invariant theories.
This paper is organised as follows. In section II, the technique developed in [8] is generalized to a spontaneously broken phase. In section III, the equivalence of the standard approach and the new one is proved. Section IV is devoted to discussion and conclusion.
II. TWO-ORBIT APPROACH
Before explaining how the technique developed in [8] can be extended to a spontaneously broken conformal group, one needs to remember how it is applied in the unbroken phase. Below are given the key points of the corresponding construction, where, for clarity, the conformal group is taken to be Euclidean.
The fields of d-dimensional conformal field theories are defined on a sphere S d , which is equivalent to the Euclidean space supplemented by a point at infinity. This is so because SCT always map some point to the infinity, thus forcing one to include the latter into consideration to make the theory well-defined. Further, the coset space to be used for the construction of conformally-invariant Lagrangians must not only act transitively on S d , but also endow it with an atlas. To fulfill this requirement, one should consider the coset space
where P µ and K ν are the generators of translations and SCT accordingly and I is the inversion. Importantly, in (1) y ν should be considered as a function of x µ describing the gluing map of the coordinate charts around the south and north (N ) poles of the sphere,
This requirement strongly constrains the allowed combinations of the Maurer-Cartan forms (MCF) for coset space (1) . Namely, because y ν enters these MCF, the effective Lagrangians must not only be (SO(d) × D)-invariant combinations thereof, but admit (2) as a solution as well. This is a qualitatively new requirement one encounters in the process of constructing conformallyinvariant Lagrangians. In the unbroken phase this condition ensures that the virial current of the constructed theories is a total derivative.
The above constitutes a group-theoretical method of obtaining conformally-invariant theories. The extension of its area of applicability to a spontaneously broken phase is done as follows. For concreteness, suppose first that the spontaneous symmetry breaking pattern is
Then, one can repeat the reasoning used in [8] for proving that y ν (x) must be given by (2) with minimal changes. Namely, consider the following two ways of inducing (in two stages) a representation of SG(d) = SO(d) × D to that of the conformal group,
where π is the dilaton, ψ stays for matter fields,
ν }, and arrows indicate an extension of a representation. Then, by using the theorem on inducing in stages [9, 10] and geometrical interpretation of coset space (1), one can prove that y ν must obey gluing map (2) in the same way as it was done in [8] .
Proceeding to the general case, first note that the conformal group is the maximal spacetime symmetry group that relativistic field theories are allowed to have [11, 12] (of course, with except for supersymmetry). Hence, the most general spontaneous symmetry breaking pattern including the breakdown of the conformal invariance can be written as
where G int is some internal symmetry group and H is allowed to be a mixture of spacetime and internal symmetries. Further, replacing SG(d) and π in (4) by H and the NGF for the broken generators respectively yields two different ways of inducing a representation of H to that of G. Then, the same reasoning as in [8] can be used for proving that y ν must be given by (2) . The above suggests the following procedure for obtaining G-invariant Lagrangians in the spontaneously broken phase. One should consider the coset space G/H, whose elements are of the form
where Z a are the broken generators, ξ a are the corresponding NGF, a can be a mixture of spacetime and internal indices, and it was assumed that the translations are not spontaneously broken. Provided that coset space (6) is homogeneously reductive [13] , all of the corresponding MCF except for ω i H , g −1
where H i are the generators of H, transform homogeneously under the action of all continuous symmetries.
If needed, one can also introduce matter fields ψ, whose associated 1-form is
whereĤ i is a representation of H i appropriate for ψ. Then, G-invariant Lagrangians are obtained as Hinvariant wedge products of ω To understand which theories satisfy this criterion, note that in general case the effective Lagrangian can be split into two parts,
where L kin is a wedge product of ω µ P and ω ν K only and L ph contains all other terms. As it will be explained at the end of next section, L kin always admits (2) as a solution. Moreover, since it does not contain ξ a and ψ, all Lagrangians having the same L ph but different L kin are physically identical. Hence, without loss of generality, for the study of effective theories one can set L kin to zero, which will be assumed in the rest of the paper. Further, note that because of the structure of the conformal algebra, y ν will enter the MCF ω ν K and at least some of ω a Z and 1-forms Dψ. This results in the appearance of the interaction terms between y ν and other fields. Then, since ξ a and ψ are dynamical, the solution of y ν 's equations of motion cannot be given by (2) unless these interaction terms sum up to a total derivative. Consequently, the only allowed effective Lagrangians are those which satisfy the latter condition.
This constitutes the searched for generalization of the technique developed in [8] . Its key finding is that the NGF for SCT do not represent fluctuations of a background solution. Instead, their role is much more like of the coordinates, as it was in the unbroken phase.
III. EQUIVALENCE OF THE APPROACHES
As an explanatory example, the equivalence of the standard approach and the two-orbit one will be first proved for spontaneous symmetry breaking pattern (3) . For this pattern, the coset space reads
where D is the generator of dilations, and the associated MCF,
where L µν are the generators of the Lorentz transformations, are given by
First, it will be shown that any effective theory obtained via the two-orbit approach can be reproduced by the means of the standard technique as well. In the former approach, the effective Lagrangians are allowed to include y ν only via full derivative. Hence, there are no equations of motion for y ν , and one can set y ν to be given by an arbitrary function of the coordinates. In particular, the latter can be chosen to coincide with the expression following from the IHC, which for the case under consideration reads
Further, one can insert this back into the Lagrangian, which, obviously, sets ω D to zero. Then, since the resulting Lagrangian is conformally-invariant, it must still be an SO(d)-invariant combination of the left MCF,
This implies that L ph can be rewritten as an SO(d)-invariant combination of MCF (12) with the imposed IHC. This proves the first part of the statement. In the reversed way, the claim will be proved by showing that a certain combination of the covariant derivatives of fields in the two-orbit technique are exactly the same as in the standard approach. From (12) one reads out the effective metric g mn , the covariant derivatives of π , y ν , and ψ to be
whereL µν is a representation of L µν appropriate for ψ and Latin letters denote indices which should be raised/lowered by the effective metric. Then, the crucial observation is that y ν enters (16) linearly, which allows to use D m π to exclude y ν from all other covariant derivatives. For the matter fields, the combination of the covariant derivatives that does not include y ν is
The exclusion of y ν from D m y ν is a bit more complicated, since the latter includes y ν 's derivative. Because D m π transforms homogeneously under the action of the conformal group, one can obtain its covariant derivative in the same way as for the matter field,
Then, the modified covariant derivative of y ν that, in fact, does not include y ν and plays the role of the covariant derivative of π, reads
Since covariant derivatives (19) and (21) do not include y ν , any effective Lagrangian constructed as an SO(d)-invariant combination thereof automatically admits (2) as a solution. Furthermore, as it can be verified, they coincide with their counterparts that can be obtained within the standard technique. Note also that this coincidence follows from the symmetry grounds. Namely, IHC (13) establish the only relation between π and y ν that is compatible with all symmetries. Consequently, the exclusion of y ν from the covariant derivatives cannot but yield the same result as if one has imposed IHC. Thus, any Lagrangian constructed within the standard approach can also be obtained in the two-orbit one. This finishes the proof.
To proceed towards the general proof, first note that if at least a part of the Lorentz groups is broken and d > 2, then dilations are broken as well. This follows from the fact that the scaling dimension of an operator having non-zero background value is bounded from below by the unitarity bound in conformal field theories,
Consequently, any non-zero value of O would also lead to the breakdown of the dilation symmetry. The case d = 2, which allows to demonstrate an important aspect of the developed approach, will be commented in the next section. After establishing this result, the generalization of the claim to an arbitrary spontaneous symmetry breaking pattern (5) becomes straightforward. Since the dilations are necessarily broken, the proof that any effective Lagrangian obtained via the two-orbit approach can be obtained by the standard technique as well remains unchanged. To prove it in the other way, note that one can always take the coset space in the form
where Z a include all broken generators except for K ν and D. Then, because dilations commute trivially with all generators except for the translations and SCT, the dilation's MCF for general SSB pattern (5) will be given by (12) . This allows to use the same reasoning as in the previous example for proving that one can construct the covariant derivatives of the fields in the two-orbit approach that will coincide with their counterparts in the standard technique. This finishes the proof. At the end of this section, note that the MCF for dilations for the most general SSB pattern (5) differs from that obtained for the unbroken conformal group only by a factor of e −π [6, 8] . This allows to adhere the same kind of reasoning used in [8] for proving that L kin always admit (2) as a solution. Since the detailed proof of this statement is straightforward and repeats the steps made in [8] , it will not be given in the present paper.
IV. DISCUSSION AND CONCLUSION
The results of the previous section establish the correspondence between the two-orbit and standard techniques. The former approach is self-contained, since it follows directly from the method of induced representations. On the other hand, its application to the construction of the effective Lagrangians is complicated by the need to search for the combinations of MCF that include y ν only via full derivative. However, as it was shown, any effective Lagrangian obtained via the two-orbit approach can be constructed via the standard technique as well. The latter includes the imposition of IHC, which do not have strict mathematical justification but allow to construct the effective Lagrangians in a much easier way. Thus, the standard approach should be considered as a convenient tool for obtaining effective Lagrangians, while it is the two-orbit technique that is mathematically strict and, hence, fundamental.
In the previous section, it was assumed that the IHC should be imposed on the MCF for the dilations. However, if at least a part of the Lorentz group is spontaneously broken, y ν will also enter the MCF for the broken Lorentz transformations L α . This allows one to try to exclude y ν by imposing the IHC
which, because of the structure of the Lorentz group, must hold for all α. However, as a system of equations on y ν , (24) is overdetermined. Indeed, if the dimension of the unbroken Lorentz subgroup is n, then, in coordinate form, (24) is a system of
independent equations. Hence, in d > 2, it cannot be solved for y ν , thus yielding this prescription inapplicable.
In two-dimensional conformal field theories, 1 it is possible that the background values of the fields break the Lorentz invariance but not the dilation symmetry. In this case, (24) allows to express y ν via ω, the NGF for the broken SO(2) symmetry. Then, within the two orbit approach, one can use the covariant derivative of ω to exclude y ν from other covariant derivatives. Because of the symmetry restrictions, these new covariant derivatives will coincide with the ones that can be obtained in the standard approach by imposing IHC (24). Clearly, this observation allows to prove the equivalence of the approaches in the same way as it was done in the previous section. Interestingly, if the dilations are broken as well, then (19) and (21) can also be used in the construction of the effective Lagrangians. Moreover, one can combine the covariant derivatives of π and ω to obtain infinitely many covariant derivatives of y ν and matter fields that would not include y ν at all. Because of the symmetry restrictions, from the perspective of the standard technique this corresponding to considering IHC of the form
for all possible values of β (β = ∞ correspond to the condition (24)). Hence, in this case, the two-orbit approach is equivalent to the standard technique provided that one does not fix a particular choice of β but uses the covariant derivatives of fields resulting from all possible values of β. Unfortunately, providing an explicit example of a two-dimensional theory that breaks both the dilation and Lorentz invariance is problematic, since the scaling dimension of a field with the canonical kinetic term is zero. Because of that reason, the discussion above will be left as a qualitative comment on the special case d = 2. The finding that the NGF for the SCT always represent "unphysical" degrees of freedom is in agreement with the results of [3] . Namely, in [3] it was shown that if the Noether currents associated with the broken symmetries are functionally dependent, then some of the NambuGoldstone fields are redundant. In the conformal group, the action of the SCT reduces to that of the translations, dilation and Lorentz transformation, which yields the Noether current for SCT to be functionally dependent on that for the latter three transformations. Moreover, because of the same property, the breakdown of the SCT is always the consequence of the breakdown of P µ , D or L µν . Hence, the NGF for SCT do not represent independent fluctuations of a background solution, and thus are always redundant. Instead, as it was argued in [8] and section II, they play the role of the coordinates around the north pole of the sphere.
Considering the proof of the equivalence of the techniques, it should be noted that the two approaches are found to be equivalent because of the requirement of y ν to enter the effective Lagrangians only via full derivative. Thus, the reasoning used in this paper does not apply for revealing the meaning of the IHC in other cases.
Summarizing the obtained results, it was shown that the two-orbit technique is the fundamental theory for constructing effective Lagrangians resulting from the spontaneous breakdown of the conformal invariance. It provides a strict mathematical justification of the standard approach to the same problem, which should be considered as a convenient tool for constructing effective Lagrangians. In particular, the NGF for SCT are shown to be always "unphysical".
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